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Abstract
Non-Abelian monopoles are present in the fully quantum mechani-
cal low-energy effective action of many solvable supersymmetric theories.
They behave perfectly as pointlike particles carrying non-Abelian dual
magnetic charges. They play a crucial role in confinement and in dynami-
cal symmetry breaking in these theories. There is a natural identification
of these excitations within the semiclassical approach, which involves the
flavor symmetry in an essential manner. We review in an introductory
fashion the recent development which has led to a better understand-
ing of the nature and definition of non-Abelian monopoles, as well as of
their role in confinement and dynamical symmetry breaking in strongly
interacting theories.
1To appear in a special volume of Lecture Notes in Physics, Springer, in honor of the
65th birthday of Gabriele Veneziano.
2e-mail: konishi(at)df.unipi.it
1 Introduction
Three quarters of a century have passed since the introduction of magnetic
monopoles in quantum field theory by Dirac [1]. Our understanding of the
soliton sector of spontaneously broken gauge theories [2] is still largely unsat-
isfactory. In particular, the development in our understanding of non-Abelian
versions of monopoles [3]-[17] and vortices [18] have been very slow, in spite
of many articles written on these subjects, and in spite of the important role
these topological excitations are likely to play in various areas of physics.
For instance, they might hold the key to the mystery of quark confinement
in Quantum Chromodynamics (QCD). Their quantum mechanical proper-
ties are gradually emerging, however, thanks to an ever improving grasp on
the nonperturbative dynamics in the context of supersymmetric gauge theo-
ries. Some of the ingredients of this development include the Seiberg-Witten
solution of N = 2 supersymmetric gauge theories and exact instanton sum-
mations, better understanding of the properties of (super-) conformal field
theories, exact results on the chiral condensates and symmetry breaking pat-
tern in a wide class ofN = 1 supersymmetric gauge theories, and so on. Also,
many new results on non-Abelian vortices and domain walls are now avail-
able, which are closely related to the problems concerning the monopoles.
It is the author’s opinion that a serious discussion about confinement
and non-Abelian monopoles today cannot ignore these basic results from
supersymmetric gauge theories. This lecture presents a review of what the
author believes to be some of the most relevant aspects of this development,
which should serve as an introduction to this very exciting area of research.
2 Color confinement
One of the profound unsolved problems in the elementary particle physics
today is quark confinement. A popular idea, due to ’t Hooft and Mandelstam
[19] holds that the ground state of QCD (quantum chromodynamics) is a
dual superconductor: the quarks are confined by the chromo-electric vortices,
analogous to the magnetic Abrikosov-Nielsen-Olesen vortex in the usual type
II superconductors in solid. The Lagrangian of QCD
L = −1
4
F aµνF
µν a + ψ¯ (iγµDµ +m)ψ (1)
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however describes the dynamics of quarks and gluons, and it is not obvious
from (1) how magnetic (dual) degrees of freedom appear and how they inter-
act. One way to detect such degrees of freedom is ’t Hooft’s Abelian gauge
fixing. One chooses the gauge so that a given field (perhaps some composite
of F aµν) in the adjoint representation to take an Abelian form
X =

 λ1 0 00 λ2 0
0 0 λ3

 , λ1 > λ2 > λ3. (2)
For a generic gauge-field configuration Aµ(x), however, it is not possible to
keep the above diagonal form everywhere in R4. Near a singularity λ1 = λ2,
diagonalization of the matrix
X = X|λ1=λ2 +
(
C(x) 0
0 0
)
(3)
where C is a 2× 2 matrix, for instance, of the form,
C = τ i(x− x0)i, (4)
by a gauge transformation U(x), introduces a magnetic monopole, Ai ≃
U(x) ∂ U(x)−1.
Another possibility is to use the Cho-Faddeev-Niemi decomposition [20]
of the gauge fields (for SU(2))
Aaµ = Cµn
a + σ˜(x)(∂µn× n)a + ρ ∂µna; σ˜(x) = 1 + σ(x), (5)
in terms of the unit vector field n and the Abelian gauge field Cµ which live
on S2 and S1 factors, respectively, of SU(2), and a charged ”scalar” field
φ = ρ(x) + iσ(x). (6)
The Wu-Yang singular monopole solution [21], for instance, corresponds to
na =
xa
r
, Cµ = φ = 0. (7)
It is possible that these singularities, regularized e.g., by the zero of 1− |φ|2,
somehow manage to behave as dominant degrees of freedom in the ground
state of QCD.
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Whichever way, a central question is whether the magnetic monopoles of
QCD is of Abelian or non-Abelian type. The ’t Hooft-Mandelstam scenario
is essentially Abelian. By assuming that the relevant infrared degrees of
freedom are those which signal the singularities of Abelian gauge fixing, one
tacitly makes a highly nontrivial dynamical assumption.
In this respect, the SU(2) gauge theory is an exception, though. It is quite
possible that in this particular case ’t Hooft’s (or related) Abelian gauge fix-
ing procedure allows us to “detect” the correct magnetic degrees of freedom,
even if the system does not dynamically Abelianize 3. The singularities of
the Abelian gauge-fixing would signal the presence of the magnetic degrees of
freedom, which correspond [22] just to the Wu-Yang monopoles, Eq. (7). As
the Cho-Faddeev-Niemi na(x) field parametrizes π2(S
2) ∼ π2(SU(2)/U(1)) =
Z, the magnetic charge of the Wu-Yang monopoles are the same, and quan-
tized in the same way, as the ’t Hooft-Polyakov monopoles of the Georgi-
Glashow model. In more general SU(N) theories with N ≥ 3, however,
one does not expect such a lucky situation. If the system does not dynam-
ically Abelianize to U(1)N−1 effective system at some low-energy scales, it
would not be appropriately described by an effective Lagrangian describing
the Abelian monopoles which signal the singularities of the Abelian gauge
fixing4.
Actually, there is no hint that such a dynamical scenario (dynamical
Abelianization) is realized in Nature. We must seriously consider the much
more subtle possibility that somehow non-Abelian, magnetic degrees of free-
dom play a role in the physics of confinement and chiral symmetry breaking.
Are there models in which the low-energy dynamics is known and in which
non-Abelian magnetic degrees of freedom play a central role?
It does not seem to be widely known that not only do such systems
exist, but that in a sense this (occurrence of light non-Abelian monopoles)
is a most typical dynamical phenomenon in a wide class of supersymmetric
gauge systems. The class of models in question is N = 2 supersymmetric
theories with SU , SO or USp gauge groups with quark hypermultiplets in
various representations [23]-[31]. Moreover, the class of models in which one
3This could explain the mysterious success of the Abelian dominance idea in lattice
simulations of the pure SU(2) gauge theory, even if there are no other indications for
dynamical Abelianization. The author thanks T. Suzuki for useful discussions.
4Vice versa, in a system where Abelianization does take place, as in a class of supersym-
metric models mentioned in Section 6.4 below, ’t Hooft’s Abelian gauge fixing should be
a perfectly valid tool for extracting and studying the relevant infrared degrees of freedom.
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can make reliable analysis about their low-energy behavior, have increased
enormously thanks to a more recent work on certain N = 1 models [32]
with scalar multiplets in the adjoint representation. Again, the appearance
of massless, non-Abelian monopoles in their low-energy effective action is a
rule, rather than an exception, in these models.
Of course, in the context of superconformal theories there are famous
examples of non-Abelian dualities such as the Montonen-Olive duality in
N = 4 supersymmetric theories [33] or the Seiberg duality in the N = 1
supersymmetric models [34] with nontrivial infrared fixed points.
These problems (conformal invariance and confinement) are closely re-
lated, as the confinement and dynamical symmetry breaking can often be
seen as the result of breaking of (nontrivial) conformal invariance near an
infrared-fixed point theory.
Evidently, supersymmetric theories are trying to tell us something impor-
tant about the non-Abelian monopoles and confinement. In what follows we
review briefly the old difficulties associated with the semiclassical concepts
of non-Abelian monopoles. It will be argued that the dual group proper-
ties of non-Abelian monopoles occurring in a system with gauge symmetry
breaking G −→ H are best defined by setting the low-energy H system
in Higgs phase, so that the dual system is in confinement phase. The trans-
formation law of the monopoles follows from that of monopole-vortex mixed
configurations in the system with a large hierarchy of energy scales, v1 ≫ v2,
G
v1−→ H v2−→ 1, (8)
under an unbroken, exact color-flavor diagonal symmetry HC+F This last
symmetry is broken by individual soliton vortex, so the latter develops con-
tinuous moduli. The transformation law among the regular monopoles, which
appear at the endpoint of the vortex, follows from that of the vortices. This
defines, once rewritten in the dual, magnetic variables, the dual group H˜
under which the monopoles transform as a multiplet.
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3 Semiclassical “non-Abelian monopoles”: dif-
ficulties
3.1 Abelian monopoles
A system in which the gauge symmetry is spontaneously broken
G
〈φ1〉6=0−→ H (9)
where H is some non-Abelian subgroup of G, possesses a set of regular mag-
netic monopole solutions in the semi-classical approximation. They are nat-
ural generalizations of the Abelian ’t Hooft-Polyakov monopoles [2], found
originally in the G = SO(3) theory broken to H = U(1) by a Higgs mecha-
nism. In that theory, the field content is just the SU(2) gauge fields and a
scalar field in the adjoint representation of the gauge group; the energy of a
static field configuration has an expression
E =
∫
d3x[
1
4
F a 2ij +
1
2
(Diφ
a)2 +
λ
8
(φa 2 − F 2)2 ] (10)
where
F aij = ∂i Aj − ∂j Ai − g ǫabcAbi Acj ;
while Diφ
a is a covariant derivative,
Diφ
a = ∂iφ
a − g ǫabcAbi φc.
Now the static finite energy solution of the equation of motion must behave
asymptotically as
φa → na(x)F, na(x)2 = 1, (11)
where the vector field na(x) clearly label the winding of the map S2 →
S2, the first sphere being the space sphere surrounding the monopole, the
second sphere representing the vacuum orientation in the group space. One
possibility is na has a fixed orientation, such as na(x) = (0, 0, 1) everywhere:
this represents a vacuum. Another possibility is that na makes a nontrivial
winding in the group space as xi goes around the sphere, e.g.
na(x) = (sin θ cosmφ, sin θ sinmφ, cos θ), m = ±1,±2, . . . .
6
This integer labels the homotopy classes
π2(SU(2)/U(1)) ∼ π2(S2) ∼ Z
of the scalar field configurations. The gauge fields must reduce to the pure
gauge,
Aai →
1
g
ǫabc nb(x) ∂i n
c(x)
in order for the energy to be finite.
The solution of the equation of motion in the nontrivial sectors can be
found by rewriting Eq. (10) as
E =
∫
d3x[
1
4
(F aij − ǫijkDkφa)2 +
1
2
ǫijk F
a
ij Dk φ
a +
λ
8
(φa 2 − F 2)2 (12)
The crucial observation is that while the first and third terms are semi-
positive definite, the second term is a total derivative,
1
2
ǫijk F
a
ij Dk φ
a = ∂k Bk, Bk =
1
2
ǫijk F
a
ij φ
a.
We used above a useful identity for the derivatives for gauge invariant prod-
ucts
∂k Tr(AB . . .) = Tr(DkAB . . .) + Tr(ADkB . . .) + . . . .
Thus the second term of Eq. (12) represents F times the “magnetic” charge∫
dv∇ ·B =
∫
dS ·B = 4 πgm, B ∼ gm
r3
r.
If λ = 0, |φa2| → F 2 (BPS limit) the mass is proportional to the magnetic
charge, 4 π gm F =
〈φ〉
g
, while the field configuration satisfies the linear BPS
equation
F aij − ǫijkDkφa = 0,
with an explicit (BPS) solution [2]
Aai = ǫaijrj
1−K(r)
g r2
, K(r) =
gFr
sinh gFr
, (13)
φa = ra
H(r)
g r2
, H(r) = gFr coth gFr − 1. (14)
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3.2 Non-Abelian unbroken group
When the “unbroken” gauge group is non-Abelian, the asymptotic gauge
field can be written as
Fij = ǫijkBk = ǫijk
rk
r3
(β ·H), (15)
in an appropriate gauge, where H are the diagonal generators of H in the
Cartan subalgebra. A straightforward generalization of the Dirac’s quanti-
zation condition leads to
2 β · α ∈ Z (16)
where α are the root vectors of H .5
The constant vectors β (with the number of components equal to the rank
of the group H) label possible monopoles. It is easy to see that the solution
of Eq. (16) is that β is any of the weight vectors of a group whose nonzero
roots are given by
α∗ =
α
α · α. (17)
This is just a standard group theory theorem: Eq. (16) can in fact be
rewritten as the well-known relation between a weight vector and a root
vector of any group, 2 β · α∗/(α∗ · α∗) ∈ Z.
The group generated by Eq. (17) is known as the dual (we shall call it
GNOW dual below) of H , let us call H˜ . One is thus led to a set of semi-
classical degenerate monopoles, with multiplicity equal to that of a represen-
tation of H˜; this has led to the so-called GNOW conjecture, ı.e., that they
form a multiplet of the group H˜ , dual of H [4]-[6]. For simply-laced groups
(with the same length of all nonzero roots) such as SU(N), SO(2N), the dual
of H is basically the same group, except that the allowed representations tell
us that
U(N)↔ U(N); SO(2N)↔ SO(2N), (18)
5This is most easily seen by considering Treig
H
Ai dx
i
along an infinitesimal closed curve
on the surface of a sphere surrounding the monopole. By enlarging the loop and re-closing
it at the other side of the sphere, one ends up with
eig
R
dS·B = e4piiβ·H.
This should be an identity operator: commuting the above with nondiagonal generators
Eα yields Eq. (16).
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while
SU(N)↔ SU(N)
ZN
; SO(2N + 1)↔ USp(2N). (19)
There is no difficulty in explicitly constructing these degenerate set of mono-
poles [6]. The basic idea is to embed the ’t Hooft-Polyakov monopoles in var-
ious broken SU(2) subgroups. The main results are summarized in Appendix
A, Appendix B. These set of monopoles constitute the prime candidates for
the members of a multiplet of the dual group H˜.
There are however well-known difficulties with such an interpretation.
The first concerns the topological obstruction discussed in [11]-[16]: in the
presence of the classical monopole background, it is not possible to define a
globally well-defined set of generators isomorphic to H . As a consequence,
no “colored dyons” exist. In a simplest case with the breaking
SU(3)
〈φ1〉6=0−→ SU(2)× U(1), (20)
this means that
no monopoles with charges (2, 1∗) exist, (21)
where the asterisk indicates a dual, magnetic charge.
The second can be regarded as an infinitesimal version of the same dif-
ficulty: certain bosonic zero modes around the monopole solution, corre-
sponding to H gauge transformations, are non-normalizable (behaving as
r−1/2 asymptotically). Thus the standard procedure of quantization leading
to H multiplets of monopoles, does not work. Some progress on the check of
GNOW duality along this orthodox line of thought, has been reported nev-
ertheless [14], in the context of N = 4 supersymmetric gauge theories. Their
approach, however, requires the consideration of particular class of multi
monopole systems, neutral with respect to the non-Abelian group (more pre-
cisely, non-Abelian part of) H only.
Both of these difficulties concern the transformation properties of the
monopoles under the subgroup H , while the relevant question should be how
they transform under the dual group, H˜. As field transformation groups, H
and H˜ are relatively nonlocal, the latter should look like a nonlocal transfor-
mation group in the original, electric description.
Another related question concerns themultiplicity of the monopoles: Take
again the case of the system with a breaking pattern, Eq. (20). One might
argue that there is only one monopole, as all the degenerate solutions are
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related by the unbroken gauge group H = SU(2).6 Or one might say that
there are two monopoles, in the sense that according to the semiclassical GNO
classification they are supposed to belong to a doublet of the dual SU(2)
group. Or, perhaps, one should conclude that there are infinitely many,
continuously related solutions, as the two solutions obtained by embedding
the ’t Hooft solutions in (1, 3) and (2, 3) subspaces, are clearly part of the
continuous set of (moduli of) solutions. In short, what is the multiplicity
(N ) of the monopoles:
N = 1, 2, or ∞ ? (22)
Formulated perhaps more adequately:
What is the dual group?
How do the degenerate magnetic monopoles transform among
themselves under the dual group?
Which of the semiclassical aspects of monopoles survive quantum
effects?
In the attempt to answer these questions, some general considerations
seem to be unavoidable. The first is the fact since H and H˜ groups are non-
Abelian the dynamics of the system should enter the problem in essential
way. For instance, the non-Abelian H interactions can become strongly-
coupled at low energies and can break itself dynamically. This indeed occurs
in pure N = 2 super Yang-Mills theories (i.e., theories without quark hyper-
multiplets), where the exact quantum mechanical result is known in terms
of the Seiberg-Witten curves [23]-[25]: see below. Consider for instance, a
pure N = 2, SU(N + 1) gauge theory. Even though partial breaking, e.g.,
SU(N + 1)→ SU(N) × U(1) looks perfectly possible semi-classically, in an
appropriate region of classical degenerate vacua, no such vacua exist quan-
tum mechanically. In all vacua the light monopoles are abelian, the effective,
magnetic gauge group being U(1)N .
Generally speaking, the concept of a dual group multiplet is well-defined
when H˜ interactions are weak (or at worst, conformal). This however means
that one must study the original, electric theory in the regime of strong cou-
pling, which would usually make the task exceedingly difficult. Fortunately,
6This interpretation however encounters the difficulties mentioned above. Also there
are cases in which degenerate monopoles occur, which are not simply related by the group
H , see below.
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in N = 2 supersymmetric gauge theories, exact Seiberg-Witten curves de-
scribe the fully quantum mechanical consequences of the strong-interaction
dynamics in terms of weakly-coupled dual magnetic variables. This is how
we know that the non-Abelian monopoles exist in fully quantum theories
[27]: in the so-called r-vacua of softly broken N = 2, SU(N) gauge theory,
the light monopoles appear as the dominant infrared degrees of freedom and
interact as pointlike particles having the charges of a fundamental multiplet
r of an effective, dual SU(r) gauge group. In an SU(3) gauge theory broken
to SU(2)×U(1) as in (20), with an appropriate number of quark multiplets
(Nf ≥ 4), for instance, light magnetic monopoles carrying the charges
(2∗, 1∗) (23)
under the dual SU(2)×U(1) appear in the low-energy effective action. (Dual)
colored dyons do exist! The distinction between H and H˜ is crucial (cfr. Eq.
(21)).
In N = 2, SU(N) SQCD with Nf flavors, light non-Abelian monopoles
with SU(r) dual gauge group appear for r ≤ Nf
2
only. Such a limit clearly
reflects the dynamics of the soliton monopoles under renormalization group:
the effective low-energy gauge group must be either infrared free or con-
formally invariant, in order for the monopoles to emerge as recognizable
low-energy degrees of freedom [28]-[30].
A closely related point concerns the phase of the system. If the dual
group were in Higgs phase, the multiplet structure among the monopoles
would get lost, generally. Therefore one must study the dual (H˜) system
in confinement phase.7 But then, according to the standard electromagnetic
duality argument, one must analyze the electric system in Higgs phase. The
monopoles will appear confined by the vortices of the H system, which can
be naturally interpreted as confining string of the dual system H˜ .
We are thus led to study the system with a hierarchical symmetry break-
ing,
G
v1−→ H v2−→ 1, (24)
where
v1 ≫ v2, (25)
instead of the original system (9). The smaller VEV breaks H completely.
However, in order for the degeneracy among the monopoles not to be broken
7 Non-abelian monopoles in the Coulomb phase suffer from the difficulties already
discussed.
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by the breaking at the scale v2, we require that some global color-flavor
diagonal group
HC+F ⊂ Hcolor ⊗GF (26)
remains unbroken (see below).
As we shall see, such a scenario is very naturally realized in N = 2
supersymmetric theories. An important lesson one learns from these consid-
erations (and from the explicit models), is that the role of the massless flavor
is fundamental. This manifests itself in more than one ways.
(i) H must be non-asymptotically free, this requires that there be sufficient
number of massless flavors: otherwise, H interactions would become
strong at low energies and H group can break itself dynamically;
(ii) The physics of the r vacua [28, 30] indeed shows that the non-Abelian
dual group SU(r) appear only for r ≤ Nf
2
. This limit can be understood
from the renormalization group: in order for a nontrivial r vacuum to
exist, there must be at least 2 r massless matter flavor in the original,
electric theory;
(iii) Non-abelian vortices [35, 37], which as we shall see are closely related
to the concept of non-Abelian monopoles, require also an exact flavor
group. The non-Abelian flux moduli arise as a result of an exact color-
flavor diagonal symmetry of the system, broken by individual soliton
vortices.
4 Non-Abelian monopoles from vortex mod-
uli
It turns out that the properties of the monopoles induced by the breaking
G→ H (27)
are closely related to the properties of the vortices, which develop when the
low-energy H gauge theory is put in Higgs phase by a set of scalar VEVs,
H → 1. The crucial instrument is the exact homotopy sequence,
· · · → π2(G)→ π2(G/H)→ π1(H)→ π1(G)→ · · · (28)
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But first a few words on homotopy groups and on the use of these relations
to characterize the semiclassical monopoles. We shall come back to consider
monopole-vortex mixed configurations later.
π1(M) and π2(M) are the first and second homotopy groups, respectively,
representing the distinct classes of maps from S1 or S2 to the (group) mani-
fold M . Now “products” among such equivalent classes can be defined and
they turn out to form a group structure [39, 8]. The definition of “the rel-
ative homotopy groups” such as π2(G/H) and the proof of the exactness of
the sequence (28) can be found in the first reference. An exact sequence
is a useful tool for studying the structure of different groups through their
correspondences (group homomorphisms). “Exact” means that the kernel of
the map at any point of the chain is equal to the image of the preceding
map. Such relations are shown pictorially in Fig. 1. These sequences can be
used, for instance, as follows. Assume for simplicity that π2(G) and π1(G)
are both trivial. In this case it is clear that each element of π1(H) is an
image of a corresponding element of π2(G/H): all monopoles are regular, ’t
Hooft-Polyakov monopoles.
Consider now the case π1(G) is nontrivial. Take for concreteness G =
SO(3), with π1(SO(3)) = Z2, and H = U(1), with π1(U(1)) = Z. For any
compact Lie groups π2(G) = 1. The exact sequence illustrated in Fig. 1 in
this case implies that the monopoles, classified by π1(U(1)) = Z can further
by divided into two classes, one belonging to the image of π2(SO(3)/U(1))
– ’t Hooft-Polyakov monopoles! – and those which are not related to the
breaking – the singular, Dirac monopoles. The correspondence is two-to-one:
the monopoles of magnetic charges 2n times (n = 1, 2, . . .) the Dirac unit
are regular monopoles while those with charges 2n+1 are Dirac monopoles.
In other words, the regular monopoles correspond to the kernel of the map
π1(H)→ π1(G) (Coleman [8]).
The exact sequence (28) assumes an important significance when we con-
sider the system with a hierarchical symmetry breaking (24),
G
v1−→ H v2−→ 1.
As H is now completely broken the low-energy theory has vortices, classified
by π1(H). If π1(G) = 1, however, the full theory cannot have vortices. This
apparent paradox is solved when one realizes that there is another related
paradox: monopoles representing π2(G/H) cannot be stable, because in the
full theory the gauge group is completely broken, G → 1, and because for
13
Figure 1: A pictorial representation of the exact homotopy sequence, (28), with
the leftmost figure corresponding to π2(G/H).
φA
B
Vortex
Monopole
Figure 2:
any Lie group, π2(G) = 1. These paradoxes solve themselves: the vortices
of the low-energy theory end at the monopoles, which have large but finite
masses. Or they are broken in the middle by (though suppressed) monopole-
antimonopole pair production. Vice versa, the monopoles are not stable as
its flux is carried away by the vortex. See Fig. 2
Applied to the case of SO(3) → U(1) → 1, this was precisely the logic
used by ’t Hooft in his pioneering paper on the monopoles. As is seen from
Fig. 1, the vortices (π1(U(1)) = Z) of the winding number two, correspond-
ing to the trivial element of π1(SO(3)) = Z2, should not be stable in the
full theory: there must be a regular monopole-like configuration, having the
magnetic charge twice the Dirac unit, gm = 4π/g, where g is the the gauge
coupling constant of the SO(3) theory, acting as a source or a sink of the
magnetic flux (Fig. 2). 8
An important new aspect we have here, as compared to the case dis-
8The relation appears to violate the Dirac quantization condition: actually the mini-
mum electric charge which could be introduced in the theory is that of a quark, e = g/2,
and which satisfies gm e = 2π, in accordance with Dirac’s condition.
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cussed by ’t Hooft [2] is that now the unbroken group H is non-Abelian and
that the low-energy vortices carry continuous, non-Abelian flux moduli. As
the color-flavor diagonal symmetry HC+F is an exact unbroken symmetry of
the full theory, and the non-Abelian moduli among the low-energy vortices
is a consequence of it, it follows that the the monopoles appearing as the
endpoints of such vortices carry the same continuous moduli.
The monopole transformation properties follow from those of the
vortices, which can be studied exactly in the low-energy
approximation.
5 N = 2 supersymmetric gauge theories and
light non-Abelian monopoles
It is always a healthy attitude to try to test one’s general idea against a
concrete model. For various reasons it turns out that N = 2 models provides
a good testing ground, as the results of strong infrared dynamics are known
in the form of exact Seiberg-Witten curves. Another advantage is that by
varying certain parameters upon which the system depends holomorphically,
as is usual in supersymmetric theories, one can study the system Eq. (8) in
different regimes.
In the regions of parameters where v1 ≫ v2 ≫ Λ, semiclassical analysis
in the original electric theory is justified, and one can study monopoles (in
the effective theory at mass scales much higher than v2) and separately, the
vortices (in the effective theory valid at mass scales much lower than v1). The
symmetry and homotopy-map argument allows to obtain the missing infor-
mation about the non-Abelian transformation properties of the monopoles,
from the known properties of the vortices. We come back to this discussion
in Section 7.2. In the concrete models studied there the breaking mass scales
are given by mi = m ∼ v1; √µm ∼ v2, so the parameter regions explored
correspond to |mi| ≫ |µ| ≫ Λ.
These results are then checked against the fully quantum mechanical re-
sults on the monopoles appearing as the massless degrees of freedom in the
magnetic dual theory, in the region v1 ∼ v2 ∼ Λ. This regime will be dis-
cussed first. In the following Section 5.2, in fact, the parameters are chosen
to be mi, µ ∼ Λ, and in particular, mi → m.
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We shall return later (Section 7.2) to see that how our ideas on non-
Abelian duality based on the hierarchical symmetry breaking and on color-
flavor diagonal symmetry can be studied in the same model reliably and see
that the results found match the full quantum results.
5.1 Seiberg-Witten solution of pure N = 2 Yang-Mills
N = 2 supersymmetric SU(2) Yang-Mills theory is described by the La-
grangian,
L =
1
8π
Im τcl
[∫
d4θΦ†eVΦ +
∫
d2θ
1
2
WW
]
(29)
where
τcl ≡ θ0
2π
+
4πi
g20
(30)
is the bare θ parameter and coupling constant. Φ = φ +
√
2 θ ψ + . . . , and
Wα = −iλ + i2 (σµ σ¯ν)βα Fµν θβ + . . . are N = 1 chiral and gauge superfields,
both in the adjoint representation of the gauge group. The theory possesses
N = 2 supersymmetry as there are two gauginos, λ and ψ.
The scalar potential in this case is just the so-called D term
VD =
g2
8
|[Φ†,Φ]|2, (31)
only, and the system has a continuous vacuum degeneracy (CMS- classical
moduli space), parametrized by a complex number a,
〈Φ〉 =
(
a 0
0 −a
)
. (32)
At any given a the gauge symmetry is broken by Higgs mechanism to U(1).
The low energy theory is a U(1) theory, describing the photon and photino
λ, and the N = 2 partners, A = (A,ψ).
The general requirement of N = 2 supersymmetry implies that the La-
grangian has the form,
Leff =
1
4π
Im [
∫
d4θ
dF (A)
dA
A¯ +
∫
1
2
d2F (A)
dA2
W αWα ], (33)
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with F (A) is holomorphic in A. F (A) is known as prepotential. Going to
component fields, the fermionic and gauge parts take the form,
Lferm =
1
8π2
[Im
d2F (A)
dA2
](iψ¯σ¯µD¯µψ + iλ¯σ¯
µD¯µλ+ . . .),
Lgauge =
1
16π2
[Im
d2F (A)
dA2
](F 2µν + i Fµν F˜
µν + . . .),
which shows clearly ψ and λ have the same properties as the adjoint fermions
(SUR(2) global symmetry of N = 2 supersymmetry); the second formula
shows that
τeff =
dAD
dA
=
d2F (A)
dA2
, AD ≡ dF (A)
dA
,
acts as the low-energy effective (complex) coupling constant
τeff =
θeff
2π
+
4πi
g2eff
, (34)
Let us recall that in general 4D supersymmetric sigma model, with a set
of scalar multilpets Φ, the kinetic term is given by a (real) Ka¨hler potential
L =
∫
d4θ K(Φ, Φ¯) =
∂2K
∂φi ∂φ¯j
∂µφi ∂
µφ¯j + . . . .
Here the Ka¨hler potential has a special form, determined by the prepotential,
K =
1
2i
[
dF (A)
dAi
A¯i − dF (A¯)
dA¯i
Ai ]
(termed special geometry).
Coming back to the SU(2) N = 2 Yang-Mills theory where there is only
one scalar multiplet A, the bosonic part of the Lagrangian has the form,
Lbos =
1
2 i
(∂µ aD ∂
µa¯− ∂µ a ∂µa¯D) + Imτ(a)(F+µν)2, F+µν = Fµν + i F˜µν .
Now this model has a nice property of (form) invariance under the generalized
electromagnetic duality transformation [40](
aD
a
)
→M
(
aD
a
)
,
(
F+µν
G+µν
)
→ M
(
F+µν
G+µν
)
; (35)
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where
G+µν ≡
1
2
∂
∂F+µν
[τ(a)F+2µν ]
and M is an SL(2, Z) matrix,
M =
(
A B
C D
)
, AD − B C = 1.
Such an invariance group includes the electromagnetic duality transfor-
mation Fµν ↔ F˜µν , together with a↔ aD.
Since F (A) is holomorphic, so is τ(A): it is harmonic, ∇τ = ∇Imτ = 0.
Thus Imτ cannot be everywhere positive. This means that A cannot be
a good global variable everywhere in the field space: there must be some
singularities where the description in terms of a, Fµν fails.
The beautiful argument by Seiberg and Witten [23, 24] that the singular-
ity be related to the point where the magnetic monopole of the theory – as
the bosonic part of the model is just the Giorgi-Glashow model the soliton
monopoles found by ’t Hooft and Polyakov are part of the spectrum – be-
comes massless due to quantum effects, and the consequent determination of
the the prepotential F (A) are by now well known. For completeness we sum-
marize the main points of the solution in Appendix C. Let us recall the main
result here: by introducing an auxiliary torus (whose genus 1 corresponds to
the rank of the gauge group SU(2)), described by the algebraic curve
y2 = (x2 − Λ4)(x− u) = (x+ Λ2)(x− Λ2)(x− u), u ≡ 〈TrΦ2〉, (36)
the solution is expressed as
daD
du
=
∮
β
dx
y
,
da
du
=
∮
α
dx
y
, (37)
where α and β are the two canonical cycles on the torus, Fig. 3. Explicitly,
aD(u) =
√
2
π
∫ u
Λ2
(
x− u
x2 − Λ4
)1/2
= i
u− Λ2
2
F (
1
2
,
1
2
; 2;
Λ2 − u
2
),
a(u) =
√
2
π
∫ Λ2
Λ2
(
x− u
x2 − Λ4
)1/2
=
√
2 (u+ Λ2)1/2 F (−1
2
,
1
2
; 1;
2
u+ Λ2
). (38)
The key step of the solution Eq. (37) was the theorem in algebraic geometry
that the integrals of the holomorphic differential (dx
y
in our case of the genus
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Λ2
−Λ2
u
x
β
α
α
β
Λ2−Λ2 u
Figure 3: The torus (36) represented as a two-sheeted Riemann surfaces, with
two branch cuts (left). Note that two Riemann spheres attached at two cuts are
equivalent to a torus (figure on the right).
one torus (36)) along the canonical cycles α and β (they are called period
integrals) satisfy
Im
∮
α
dx
y∮
β
dx
y
> 0,
independently of the way canonical cycles are redefined. According to the
identification of the period integrals with the physical quantities as Eq. (37)
this guarantees that
Im τeff = Im
daD
da
=
4π
g2eff
> 0.
Let us add several remarks.
(i) Another key observation by Seiberg-Witten is that the N = 2 supersym-
metry implies an exact mass formula for BPS saturated states with
magnetic and electric charges nm, ne:
Mnm,ne =
√
2 |nm aD + ne a|. (39)
This is a consequence of the fact that the system has an underlying
N = 2 supersymmetry with a central extension. See Appendix D.
This formula generalizes the standard Higgs formula, M0,ne = g ne〈φ〉,
as a ∼ g〈φ〉 semiclassically, and at the same time, the ’t Hooft-Polyakov
monopole mass formula, Mnm,0 = 4 π nm 〈φ〉/g (semiclassically aD ∼
4 π 〈φ〉/g). Note that in the fully quantum formula (39) the magnetic
and electric charges appear symmetrically. Indeed the mass formula is
invariant under the generalized duality transformations (35), modulo
appropriate relabeling of magnetic and electric charges.
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(ii) Quite remarkably the low-energy effective action thus determined con-
tains quantum effects in its entirety, the one-loop perturbative effects
plus the sum of infinite instanton contributions. Indeed, the Seiberg-
Witten curves have been checked against direct instanton calculations
[41], and more recently, have been rederived by an explicit instanton
resummation [42].
(iv) The Seiberg-Witten solution nicely solves an old (apparent) paradox re-
lated to the Dirac quantization versus renormalization group [8]: how
can the relation gm ge = 2 π n, n = 0, 1, . . . be compatible with the fact
that both the electric and magnetic charges are Abelian U(1) coupling
constants, expected to get renormalized in the same direction? In the
Seiberg-Witten solution, gm(µ) gets renormalized as in (magnetic ver-
sion of) QED, through monopole loops, with monopoles replacing the
role of the electron. The same infrared behavior is explained, in the
original electric picture, as due to instanton-induced nonperturbative
renormalization of the electric coupling constant ge(µ). As a conse-
quence gm(µ) ge(µ) = 4 π holds [23] at any infrared cutoff µ = 〈aD〉.
For other subtle issues related to renormalization group properties of
Seiberg-Witten solution, see [43].
(iv) How do we know that these massless monopoles are related to the ’t
Hooft-Polyakov monopoles? That they are indeed them, can be verified
by studying the electric and quark (in the cases with Nf = 1, 2, 3) num-
ber charges. As is well known the ’t Hooft-Polyakov monopoles acquire
these U(1) charges quantum mechanically, via a beautiful phenomenon
of charge fractionalization [44], which in this specific situation are the
Witten’s [45] and Jackiw-Rebbi’s effects [46]. By moving within the
space of vacua (QMS) and going into the regions where semiclassical
approximation is valid (where u = 〈TrΦ2〉 ≫ Λ2), one can compare
these fractional U(1) charges read off from the leading terms of the
exact Seiberg-Witten solution with the ones obtained many years ear-
lier by standard quantization of fermion fields around the semiclassical
monopole backgrounds [47]. The results exactly match [48, 49, 50].
(iv) The low-energy effective Lagrangian near one of the singularities, e.g.,
u = Λ2, looks like a (dual) QED with a massless monopole, whose
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Lagrangian has the standard N = 2 QED form,
L =
1
4π
Im [
∫
d4θ
dF (AD)
dAD
A¯D +
∫
1
2
d2F (AD)
dA2D
W αDWDα ] +
+
∫
d4θ(M¯eVDM + M˜e−VD ¯˜M) +
∫
d2θ
√
2M˜ADM, (40)
where the gauge terms are just the dual of Eq. (33); the third and
fourth terms describe the monopole.
(v) Addition of a N = 1 perturbation, the adjoint scalar mass term, µTrΦ2
in the original electric theory induces ∆L = µU(AD), where the func-
tion U(AD) is the inverse of the solution aD(u). By minimizing the
potential, the degeneracy (quantum moduli space – QMS) is eliminated
leaving just two vacua, where
aD = 0, u = 〈TrΦ2〉 = ±Λ2, 〈M〉 = 〈M˜〉 = µ ∂U
∂AD
∼ µΛ.
The first result says that the magnetic monopole is massless in this vac-
uum (see Eq. (40)), the third states that the magnetic monopole con-
denses, leading to confinement a` la ’t Hooft-Mandelstam. This is per-
haps the first example of nontrivial 4D system where this phenomenon
has been demonstrated explicitly and analytically.
5.2 Seiberg-Witten solutions for N = 2 models with
quarks
A general enthusiasm (alarm?) caused by the news that the SU(2) Seiberg-
Witten model with a small N = 1 perturbation exhibited the ’t Hooft-
Mandelstam mechanism of confinement, was followed by a widespread delu-
sion (relief?) among theoretical physicists when it was realized that the
light monopoles appearing in the low-energy theory were Abelian and at the
same time confinement was accompanied by dynamical Abelianization. This
surely was not a good model of QCD! The fact that in the SU(2) models with
Nf = 1, 2, 3 hypermultiplets of quarks, studied in the (quite remarkable) sec-
ond paper by Seiberg and Witten [24], as well as in pure N = 2 Yang-Mills
theories with more general gauge groups [25], the low-energy monopoles were
always Abelian, did not help.
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What was not realized at the time, however, was the fact that there was
a clear reason for the Abelianization in these simplest models (see Subsec-
tion 5.3 below), and that, in the context of a more general class of N = 2
theories with quark multiplets, Abelian confinement belonged to the excep-
tional cases. In fact, confinement is more typically caused by condensation of
non-Abelian monopoles, as the subsequent analyses have revealed. We shall
below briefly summarize the main features of these models, with technical
aspects kept at its minimum.
The systems we consider are simple generalization of the N = 2 models
with “quark” multiplets. The N = 1 chiral and gauge superfields Φ =
φ +
√
2 θ ψ + . . . , and Wα = −iλ + i2 (σµ σ¯ν)βα Fµν θβ + . . . are both in
the adjoint representation of the gauge group, while the hypermultiplets are
taken in the fundamental representation of the gauge group. The Lagrangian
takes the form,
L =
1
8π
Im τcl
[∫
d4θΦ†eVΦ +
∫
d2θ
1
2
WW
]
+ L(quarks) +∆L+∆′L, (41)
L(quarks) =
∑
i
[
∫
d4θ {Q†ieVQi + Q˜†ieV˜ Q˜i}+
∫
d2θ {
√
2Q˜iΦQ
i +miQ˜iQ
i}
(42)
describes the nf flavors of hypermultiplets (“quarks”),
τcl ≡ θ0
π
+
8πi
g20
(43)
is the bare θ parameter and coupling constant. The N = 1 chiral and gauge
superfields Φ = φ +
√
2 θ ψ + . . . , and Wα = −iλ + i2 (σµ σ¯ν)βα Fµν θβ +
. . . are both in the adjoint representation of the gauge group, while the
hypermultiplets are taken in the fundamental representation of the gauge
group.
We consider small generic nonvanishing bare masses mi for the hypermul-
tiplets (“quarks”), which is consistent with N = 2 supersymmetry. Further-
more it is convenient to introduce the mass for the adjoint scalar multiplet
∆L =
∫
d2θ µTrΦ2 (44)
which breaks supersymmetry to N = 1. An advantage of doing so is that all
flat directions are eliminated and one is left with a finite number of isolated
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vacua; keeping track of this number (and the symmetry breaking pattern in
each of them) allows us to make highly nontrivial check of our analyses at
various stages.
Below we summarize the physical results on these systems. To solve the
system (41) the first step is the generalization of the curve Eq. (36) to the
case of general group G. When the breaking is maximum, G→ U(1)rG where
rG is the rank of the group G, we set µ = 0 and consider vacua
〈Φ〉 = diag(φ1, φ2, . . .), φ1 6= φ2, etc. (45)
The auxiliary genus g = Nc − 1 (or Nc) curves for SU(Nc) (USp(2Nc))
theories corresponding to these classical vacua (called Coulomb branch of
the moduli space) are given by
y2 =
nc∏
k=1
(x−φk)2+4Λ2nc−nf
nf∏
j=1
(x+mj), SU(Nc), Nf ≤ 2Nc−2, (46)
and
y2 =
nc∏
k=1
(x− φk)2 + 4Λ
nf∏
j=1
(
x+mj +
Λ
Nc
)
, SU(Nc), Nf = 2Nc − 1,
(47)
with φk subject to the constraint
∑nc
k=1 φk = 0, and
xy2 =
[
x
nc∏
a=1
(x− φ2a)2 + 2Λ2nc+2−nfm1 · · ·mnf
]2
− 4Λ2(2nc+2−nf )
nf∏
i=1
(x+m2i )
(48)
for USp(2Nc). Analogous results for SO(Nc) theories are also known.
The connection between these genus g hypertori and physics is made [23]-
[29] through the identification of various period integrals of the holomorphic
differentials on the curves with (daDi/duj, dai/duj), where the gauge invari-
ant parameters uj’s are defined by the standard relation,
nc∏
a=1
(x− φa) =
Nc∑
k=0
uk x
Nc−k, u0 = 1, u1 = 0, SU(Nc); (49)
nc∏
a=1
(x− φ2a) =
Nc∑
k=0
uk x
Nc−k, u0 = 1, USp(2Nc), (50)
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and u2 ≡ 〈TrΦ2〉, u3 ≡ 〈TrΦ3〉, etc. The VEVS of aDi, ai, which are directly
related to the physical masses of the BPS particles through the exact Seiberg-
Witten mass formula [23, 24]
Mnmi,nei,Sk =
√
2
∣∣∣∣∣
g∑
i=1
(nmi aDi + nei ai) +
∑
k
Skmk
∣∣∣∣∣ , (51)
are constructed as integrals over the non-trivial cycles of the meromorphic dif-
ferentials on the curves. Sk are the i-th quark number charge of the monopole
under consideration, which enters the formula for the central charges (hence
the mass).
(i) These formulae naturally generalize those of the pure SU(2) theory, Eq.
(37), Eq. (39). The singularities of the curves Eq. (46)-Eq. (48) are
the points in the space of vacua (QMS) where various particles become
massless.
(ii) When mi ≫ Λ these singularities are at the points where φ ∼ mi (where
the quarks become massless – see Eq. (42)) and at the points where
monopoles of pure Yang-Mills theory become massless. The latter are
the points the curve of the Yang-Mills theory,
y2 =
nc∏
k=1
(x− φk)2 + 4Λ2ncYM
become maximally singular, ∼∏nc−1i=1 (x− xi)2(x− α)(x− β).
(iii) It is the property of these curves that when mi ∼ Λ all singulari-
ties are found to correspond to magnetic degrees of freedom (massless
monopoles and dyons). To trace how, as mi are varied, the original
“electric” singularities (massless quarks) make a metamorphosis into
magnetic monopoles, due to the movement of certain branch points (or
branch cuts) sliding under other branch cuts (branch surfaces), is a
rather complicated business, and has been analyzed satisfactorily only
in the SU(2) theories with matter [24, 51].
(iv) The particular form of the curve specific to different groups reflect dif-
ferent global symmetries. A nice discussion is given in [26].
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Figure 4:
5.3 Exact quantum behavior of light non-Abelian mono-
poles
Physics of confining vacua and properties of light monopoles in these theories
are studied by identifying all of the N = 1 vacua (the points in the QMS
– quantum moduli space, that is, the space of vacua – which survive the
N = 1 perturbation) and studying the low-energy action for each of them.
The underlying N = 2 theory, especially with mi = 0 or with equal masses
mi = m, has a large continuous degeneracy of vacua (flat directions), which
has been studied by using the Seiberg-Witten curves, non-renormalization
of Higgs branch metrics, superconformal points and their universality, their
moduli structure and symmetries, etc [28, 29]. For the purpose of this section,
however, we are most interested in the set of vacua which are picked up when
the small generic bare quark masses mi and a small nonzero adjoint mass µ
are present. At the roots of these different branches of N = 2 vacua where
the Higgs branches meet the Coulomb branch, lie all these vacua, which
survives the N = 1 perturbation, Eq. (44). In SU(Nc) theories with Nf
flavors with generic masses, all N = 1 vacua arising this way have been
completely classified [30, 31].
For nearly equal quark masses they fall into classes r = 0, 1, . . . ,
Nf
2
groups
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of vacua near the “root of non-baryonic Higgs branches”, and for Nf ≥ Nc,
there are special vacua at the “roots of baryonic Higgs branches”. These
names reflect the fact that in the respective Higgs branch non-baryonic or
baryonic squark VEVS,
〈Qai Q˜ja〉, 〈ǫa1 a2 ...,aNcQa1i1 Qa2i2 . . . Q
aNc
iNc
〉, (52)
are formed. See Fig. 4. Each group of vacua coalesce in single vacua where
the gauge symmetry is enhanced into non-Abelian gauge groups, as in Table
1, taken from Argyres et. al. [28].
The vacua at the root of the baryonic branch are in “free-magnetic” phase;
the light non-Abelian magnetic monopoles appear as asymptotic states; they
do not condense, no confinement and no symmetry-breaking occur. Although
the appearance of the Seiberg dual gauge group, SU(N˜c), N˜c ≡ Nf − Nc is
certainly intriguing [28], these are not type of vacua we are interested in.
Our main interest is the first classes of the so-called “r-vacua”, where the
magnetic gauge group is
U(r)× U(1)Nc−r,
and the massless matter multiplets consist of Nf monopoles in the fundamen-
tal representation of U(r), and flavor-singlet Abelian monopoles carrying a
single charge, each with respect to one of the U(1) factors (Table 1) 9.
Once the gauge group and the quantum numbers of the matter fields are
all known, the N = 2 supersymmetry uniquely fixes the structure of the
effective action. We find that
9We shall use the notation Nc = nc indistinguishably, and analogously Nf = nf .
SU(r) U(1)0 U(1)1 . . . U(1)nc−r−1 U(1)B
nf × q r 1 0 . . . 0 0
e1 1 0 1 . . . 0 0
...
...
...
...
. . .
...
...
enc−r−1 1 0 0 . . . 1 0
Table 1: The effective degrees of freedom and their quantum numbers at the
“nonbaryonic root”.
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(i) We see the non-Abelian monopoles in action, in the generic r (2 ≤ r ≤
Nf
2
) vacua. See Table 2 taken from [30]. They behave perfectly as
point-like particles, albeit in a dual, magnetic gauge system. Upon
N = 1 perturbation they condense (confinement phase) 〈qia〉 ∼ δia
√
µΛ
and induces flavor symmetry breaking
SU(Nf )× U(1)→ U(r)× U(Nf − r).
(ii) The upper limit r ≤ Nf
2
is a manifestation of monopole dynamics: only in
this range of r the non-Abelian monopoles can appear as recognizable
infrared degrees of freedom. We now see why in the SU(2) Seiberg-
Witten models, as well as in pure N = 2 Yang-Mills (ı.e., Nf = 0)
models with different gauge groups, the low-energy monopoles were
found to be always Abelian: in all these cases, non-Abelian monopoles
would interact too strongly, not enough of them being there. We remind
the reader that the beta function in N = 2 SU theories has the pure
one-loop form with β0 ∝ 2 r −Nf .
(iii) Indeed, there are homotopy and symmetry arguments [30, 52] which
suggest that non-Abelian monopoles appearing in the r-vacua are “bary-
onic constituents” of an Abelian (’t Hooft-Polyakov) monopople,
Abelian monopole ∼ ǫa1...arqi1a1qi2a2 . . . qirar , (53)
ai being the dual color indices, and im the flavor indices. The SU(r)
gauge ineractions, being infrared-free, are unable to keep the Abelian
monopole bound: they disintegrate into non-Abelian monopoles.
(iv) That the effective degrees of freedom in the r vacua are non-Abelian
rather than Abelian monopoles, is actually required also by symmetry
of the system [30, 53], not only from the dynamics. If the Abelian
monopoles of the r-th tensor flavor representation were the correct
degrees of freedom, the low-energy effective theory would have too
large an accidental symmetry – SU(
(
Nf
r
)
). The condensation of such
monopoles would produce far-too-many Nambu-Goldstone bosons than
expected from the symmetry of the underlying theory. The system
prevents such an awkward situation from being realized in an elegant
manner, introducing smaller solitons, non-Abelian monopoles, in the
fundamental representation of the SU(Nf ) so that the low-energy the-
ory has the right symmetry.
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(v) An analogous argument might be used in the standard QCD, to ex-
clude Abelian picture of confinement, though admittedly this is not
a very rigorous one. We know from lattice simulations of SU(3) the-
ory that confinement and chiral symmetry breaking are closely related.
If Abelian ’t Hooft-Monopole-Mandelstam monopoles were the right
degrees of freedom describing confinement, their condensation would
somehow have to describe chiral symmetry breaking as well. We would
then be led to assume that they carry flavor quantum numbers of
SU(Nf )L × SU(Nf )R, e.g.,
Monopoles ∼M ji , 〈M ji 〉 ∝ δji ΛQCD,
where i, j are SU(Nf )L × SU(Nf )R indices. But such a system would
have a far-too large accidental symmetry. Confinement would be ac-
companied by a large number of unexpected (and indeed unobserved)
light Nambu-Goldstone bosons.
(vi) The limiting case of r vacua, with r =
Nf
2
, as well as the massless (mi →
0) limit of USp(2Nc) and SO(Nc) theories, are of great interest. The
low-energy effective theory in these cases turn out to be conformally
invariant (nontrivial infrared-fixed-point) theories. This is an analogue
of an Abelian superconformal vacuum found first in the pure SU(3)
Yang Mills theory by Argyres and Douglas [54]. It can be explicitly
checked that the low-energy degrees of freedom include relatively non-
local monopoles and dyons [30, 55, 53]. There are no local effective
Lagrangians describing the infrared dynamics. These are the most
difficult cases to analyze, but are potentially the most interesting ones,
from the point of view of understanding QCD. We shall come back to
these (perhaps, crucial) cases at the end of the lecture, Section 8.
6 Vortices
The moral of the story is that the non-Abelian monopoles do exist in fully
quantum mechanical systems. In typical confining vacua in supersymmet-
ric gauge theories they are the relevant infrared degrees of freedom. Their
condensation induces confinement and dynamical symmetry breaking. This
brings us back to the problem of understanding these light, magnetic degrees
of freedom as quantum solitons:
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label (r) Deg.Freed. Eff. Gauge Group Phase Global Symmetry
0 monopoles U(1)nc−1 Confinement U(nf )
1 monopoles U(1)nc−1 Confinement U(nf − 1)× U(1)
≤ [nf−12 ] NA monopoles SU(r)× U(1)nc−r Confinement U(nf − r)× U(r)
nf/2 rel. nonloc. - Confinement U(nf/2)× U(nf/2)
BR NA monopoles SU(n˜c)× U(1)nc−n˜c Free Magnetic U(nf )
Table 2: Phases of SU(nc) gauge theory with nf flavors. n˜c ≡ nf − nc.
Deg.Freed. Eff. Gauge Group Phase Global Symmetry
1st Group rel. nonloc. - Confinement U(nf )
2nd Group dual quarks USp(2n˜c)× U(1)nc−n˜c Free Magnetic SO(2nf )
Table 3: Phases of USp(2nc) gauge theory with nf flavors with mi → 0.
n˜c ≡ nf − nc − 2.
What are their semi-classical counterparts?
Are they Goddard-Nuyts-Olive-Weinberg monopoles?
In which sense condensation of non-Abelian monopoles imply
confinement?
How has the difficulty related to the dual group mentioned
earlier been avoided?
These are the questions we wish to answer. The idea is to take advantage of
the fact that in supersymmetric theories there are parameters which can be
varied, upon which the physical properties of the system depend in a holo-
morphic fashion. As mi and µ are varied, there cannot be phase transition
at some |µ| or at |mi|: the number of Nambu-Goldstone bosons and hence
the pattern of the symmetry breaking, must be invariant.
6.1 Abrikosov-Nielsen-Olesen vortex
Topologically stable vortices arise when the ground states of a system have
a nontrivial moduli space which is not simply connected. The best known
case [56] is the Abelian gauge theory with a charged complex matter field in
Higgs phase (superconductor), where the static configurations have energy
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Figure 5:
density
H =
1
4
F 2ij + |Diφ|2 + V (|φ|), Di = ∂i − i e Ai.
The potential V is assumed to attain its minimum at |φ| = v 6= 0. The
asymptotic gauge and scalar fields must be such that the field energy be
finite,
|φ(x)| → v, Diφ→ 0, F 2ij → 0.
These allow for nontrivial configurations classified by an integer,
π1(U(1)) = Z,
i.e., by an integer winding number n,
φ→ einϕ v, Aϕ → n
eρ
,
where ρ, φ, z are the position variables of cylindrical coordinate system. At
the center of the vortex φ(ρ = 0, ϕ) = 0 in order for φ(ρ, φ) to be a smooth
configuration: the gauge symmetry is restored along the vortex core.
Depending on the potential, the vacuum can be superconductor of type
II where single isolated (Abrikosov-Nielsen-Olesen) vortices are stable, type
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I systems where vortices stick together to form the regions of normal ground
state, and finally there is the critical case between them (BPS) where vortices
has no net interaction and the tension of winding number k vortex is equal
to k times that of the minimum-winding vortex.
6.2 ZN vortices
In pure SU(N) theory with all matter fields in adjoint representation, the
true gauge group is SU(N)
ZN
. When the gauge group is completely broken the
vacuum manifold has nontrivial structure,
π1(
SU(N)
ZN
) = ZN . (54)
The asymptotic behavior of the fields, required by finiteness of the tension is
Ai ∼ i
g
U(φ)∂iU
†(φ); φA ∼ Uφ(0)A U †, U(φ) = exp i
r∑
j
βjTjφ
where Tj are the generators of the Cartan subalgebra of H , φ
(0)
A are the
(set of) VEVs of the adjoint scalar fields which break the SU(N) group
completely. The smoothness of the configurations requires the quantization
condition: (α = root vectors of H)
U(2π) ∈ ZN , α · β ∈ Z. (55)
The second condition of (55) appears to imply that these vortices be char-
acterized by the weight vectors of the group H˜ = SU(N), dual of H =
SU(N)/ZN [4]: one vortex for each irreducible representation of H˜ . Actu-
ally, Eq. (54) shows that there is just one stable vortex with a given ZN
charge (N -ality). 10
An interesting model of this sort is the so-called N = 1∗ theory [57, 58, 59]
defined as the N = 4 supersymmetric theory with addition of mass terms for
the three adjoint scalar multiplets,
∆L =
3∑
i=1
miΦ
2
i |θθ,
10That an excitation in a theory in which all fields are neutral with respect to ZN is
characterized by a fractional ZN charge, may be thought of as an analogue of a very
general behavior of solitons: charge fractionalization.11
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which break supersymmetry to N = 1. The general properties of chiral
condensates,
〈W W 〉, 〈Φ21〉, 〈Φ22〉, 〈Φ23〉,
in all possible types of vacua (confinement vacua, Coulomb vacua, Higgs
vacua) have been analyzed exactly in a series of papers [60].
This model is based on the underlying N = 4 model, which is believed to
display exact Olive-Montonen duality. In spite of the relative simplicity of
the model, the properties of ZN monopoles in the Higgs (or partially Higgs)
vacua in the N = 1∗ are not very well known, except for the SU(2) [61] or
SU(3) cases.
6.3 Non-Abelian vortices in a U(N) model
The ZN vortice discussed in the preceding section at first sight appears to
carry a non-Abelian charge, being labelled by the weight vector of a non-
Abelian dual group H˜: actually, they do not [62]. It is just a single solution,
which can be transformed by Weyl transformations of H . There are no
continuous moduli associated to it.
Truly non-Abelian vortices have been constructed [35, 37] in the context
of a N = 2 supersymmetric U(N) gauge theory, with Nf flavors, where the
gauge group is broken by the VEVs of a set of scalar fields in the fundamental
representations. The model Lagrangian has the form
L = Tr
[
− 1
2g2
FµνF
µν − 2
g2
Dµ φ†Dµφ−DµH DµH† − λ
(
c 1N −HH†
)2]
+ Tr [ (H†φ−M H†)(φH −HM) ] (56)
where Fµν = ∂µWν − ∂νWν + i [Wµ,Wν ] and DµH = (∂µ + iWµ) H , and H
represents the fields in the fundamental representation of SU(N), written in
a color-flavor N × Nf matrix form, (H)iα ≡ qiα, and M is a Nf × Nf mass
matrix. Here, g is the U(N)G gauge coupling, λ is a scalar coupling. For
λ =
g2
4
(57)
the system is BPS saturated. For such a choice, the Eq. (56) can be regarded
as a truncation of the bosonic sector of an N = 2 supersymmetric U(N)
gauge theory, and with (H)iα representing the half of the squark fields,
(H)iα ≡ qiα, q˜αi ≡ 0 (58)
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In the supersymmetric context the parameter c is the Fayet-Iliopoulos pa-
rameter. In the following we set c > 0 so that the system be in Higgs phase,
and so as to allow stable vortex configurations. For generic, unequal quark
masses,
M = diag (m1, m2, . . . , mNf ), (59)
the adjoint scalar VEV takes the form,
〈φ〉 = M =


m1 0 0 0
0 m2 0 0
0 0
. . . 0
0 0 0 mN

 , (60)
which breaks the gauge group to U(1)N .
In order to have a non-Abelian vortex, it is necessary to choose masses
equal,
M = diag (m,m, . . . ,m), (61)
the adjoint and squark fields have the vacuum expectation value (VEV)
〈φ〉 = m1N , 〈H〉 =
√
c


1 0 0
0
. . . 0
0 0 1

 (62)
where only the first N flavors are left explicit. The squark VEV breaks the
gauge symmetry completely, while leaving an unbroken SU(N)C+F color-
flavor diagonal symmetry (the flavor group acts on H from the right while
the U(N)G gauge symmetry acts on H from the left). The global symmetry
group associate with the other Nf − N flavors also remains unbroken. The
BPS vortex equations are
(D1 + iD2) H = 0, F12 + g
2
2
(
c 1N −HH†
)
= 0. (63)
The matter equation can be solved [65]-[67] by use of the N × N moduli
matrix H0(z) whose components are holomorphic functions of the complex
coordinate z = x1 + ix2,
H = S−1(z, z¯)H0(z), W1 + iW2 = −2 i S−1(z, z¯) ∂¯zS(z, z¯). (64)
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The gauge field equations then take the simple form (“master equation”)
∂z (Ω
−1∂z¯ Ω) =
g2
4
(c 1N − Ω−1H0H†0). (65)
The moduli matrix and S are defined up to a redefinition,
H0(z)→ V (z)H0(z), S(z, z¯)→ V (z)S(z, z¯), (66)
where V (z) is any non-singular N×N matrix which is holomorphic in z. This
class of model has been extensively studied recently [65]-[71]. In particular,
in the contex of these models a considerable attention was given to the system
in which U(N) gauge symmetry is either explicitly or dynamically broken to
U(1)N , producing Abelian monopoles. As the terminology used and concepts
involved, though physically distinct, are often similar to the concept of non-
Abelian monopoles discussed in this note, and could be misleading.
6.4 Dynamical Abelianization
As should be clear from what we said so far, it is crucial that the color-flavor
diagonal symmetry SU(N) remains exactly conserved, for the emergence of
non-Abelian dual gauge group (see the next Section). Consider, instead, the
cases in which the gauge U(N) (or SU(N) × U(1)) symmetry is broken to
Abelian subgroup U(1)N , either by small quark mass differences (Eq. (60))
or dynamically, as in the N = 2 models with Nf < 2N [36, 69]. From the
breaking of various SU(2) subgroups to U(1) there appear light ’t Hooft-
Polyakov monopoles of mass O(∆m
g
) (in the case of an explicit breaking)
or O(Λ) (in the case of dynamical breaking). As the U(1)N gauge group
is further broken by the squark VEVs, the system develops ANO vortices.
The light magnetic monopoles, carrying magnetic charges of two different
U(1) factors, look confined by the two vortices (Fig. 6). These cases have
been discussed extensively [67]-[70], within the context of U(N) model of
Subsection 6.3.
The dynamics of the fluctuation of the orientational modes along the vor-
tex turns out to be described by a two-dimensional CPN−1 model [35, 37].
It has been shown [35, 36, 69, 70], that the kinks of the two-dimensional
sigma model precisely correspond to these light monopoles, to be expected
in the underlying 4D gauge theory. In particular, it was noted that there is
an elegant matching between the dynamics of two-dimensional sigma model
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Figure 6: Monopoles in U(N) systems with Abelianization are confined by
two Abelian vortices.
(describing the dynamics of the vortex orientational modes in the Higgs phase
of the 4D theory) and the dynamics of the 4D gauge theory in the Coulomb
phase, including the precise matching of the coupling constant renormaliza-
tion [68, 36, 69].
Note that these cases are analogue of what would occur in QCD if the color
SU(3) symmetry were to dynamically break itself to U(1)2. Confinement
would be described in this case by the condensation of magnetic monopoles
carrying the Abelian charges Q1, or Q2, and the resulting ANO vortices will
be of two types, 1 and 2 carrying the related fluxes.
7 The model
Actually the model we need here is not exactly the model of Section 6.3, but
is a model which contains it as a low-energy approximation. It is the same
model already discussed in Section 5.2, but now we analyze it in the region,
mi ≫ µ ≫ Λ, so that the semiclassical reasoning of Section 4 makes sense.
For concreteness, we take as our model the standard N = 2 SQCD with Nf
quark hypermultiplets, with a larger gauge symmetry, e.g., SU(N+1), which
is broken at a much larger mass scale (v1 ∼ |mi|) as
SU(N + 1)
v1 6=0−→ SU(N)× U(1)
ZN
. (67)
The unbroken gauge symmetry is completely broken at a lower mass scale,
v2 ∼ |√µm|, as in Eq. (78) below.
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Clearly one can attempt a similar embedding of the model Eq. (56) in
a larger gauge group broken at some higher mass scale, in the context of a
non-supersymmetric model, even though in such a case the potential must
be judiciously chosen and the dynamical stability of the scenario would have
to be carefully monitored. Here we choose to study the softly broken N = 2
SQCD for concreteness, and above all because the dynamical properties of
this model are well understood: this will provide us with a non-trivial check
of our results. Another motivation is purely of convenience: it gives a definite
potential with desired properties.12
We are hereby back to our argument on the duality and non-Abelian
monopoles, defined through a better-understood non-Abelian vortices pre-
sented in general terms in Section 3.2, but now in the context of a concrete
model, where the fully quantum mechanical answer is known.
The underlying theory is thus
L = 1
8π
ImScl
[∫
d4θΦ†eVΦ +
∫
d2θ
1
2
WW
]
+L(quarks)+
∫
d2θ µTrΦ2+h.c.;
(68)
L(quarks) = (69)∑
i
[∫
d4θ {Q†ieVQi + Q˜ie−V Q˜†i}+
∫
d2θ {
√
2Q˜iΦQ
i +mi Q˜iQ
i}+ h.c.
]
where mi are the bare masses of the quarks and we have defined the complex
coupling constant
Scl ≡ θ0
π
+
8πi
g20
. (70)
We also added the parameter µ, the mass of the adjoint chiral multiplet,
which breaks the supersymmetry softly to N = 1. The bosonic sector of this
model is described, after elimination of the auxiliary fields, by
L = 1
4g2
F 2µν +
1
g2
|DµΦ|2 + |DµQ|2 +
∣∣∣Dµ ¯˜Q∣∣∣2 − V1 − V2, (71)
where
V1 =
1
8
∑
A
(
tAij [
1
g2
(−2) [Φ†,Φ]ji +Q†jQi − Q˜jQ˜†i ]
)2
; (72)
12 Recent developments [77, 32] allow us actually to consider systems of this sort within
a much wider class of N = 1 supersymmetric models, whose infrared properties are very
much under control.
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V2 = g
2|µΦA +
√
2 Q˜ tAQ|2 + Q˜ [m+
√
2Φ] [m+
√
2Φ]† Q˜†
+ Q† [m+
√
2Φ]† [m+
√
2Φ]Q. (73)
In the construction of the approximate monopole and vortex solutions we
shall consider only the VEVs and fluctuations around them which satisfy
[Φ†,Φ] = 0, Qi = Q˜
†
i , (74)
and hence the D-term potential V1 can be set identically to zero throughout.
In order to keep the hierarchy of the gauge symmetry breaking scales, Eq.
(24), we choose the masses such that
m1 = . . . = mNf = m, (75)
m≫ µ≫ Λ. (76)
Although the theory described by the above Lagrangian has many degenerate
vacua, we are interested in the vacuum where. . . (see [30] for the detail)
〈Φ〉 = − 1√
2


m 0 0 0
0
. . .
...
...
0 . . . m 0
0 . . . 0 −N m

 ; (77)
Q = Q˜† =


d 0 0 0 . . .
0
. . . 0
... . . .
0 0 d 0 . . .
0 . . . 0 0 . . .

 , d =
√
(N + 1)µm. (78)
This is a particular case of the so-called r vacuum, with r = N . Although
such a vacuum certainly exists classically, the existence of the quantum r = N
vacuum in this theory requires Nf ≥ 2N , which we shall assume.13
To start with, ignore the smaller squark VEV, Eq. (78). As π2(G/H) ∼
π1(H) = π1(U(1)) = Z, the symmetry breaking Eq. (77) gives rise to regular
magnetic monopoles with mass of order of O(v1
g
), whose continuous transfor-
mation property is our main concern here.
The semiclassical formulas for their mass and fluxes [6, 52] are summa-
rized in Appendix A.
13 This might appear to be a rather tight condition as the original theory loses asymp-
totic freedom for Nf ≥ 2N + 2. This is not so. An analogous discussion can be made by
considering the breaking SU(N) → SU(r) × U(1)N−r. In this case the condition for the
quantum non-Abelian vacuum is 2N > Nf ≥ 2 r, which is a much looser condition.
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7.1 Low-energy approximation and vortices
At scales much lower than v1 = m but still neglecting the smaller squark VEV
v2 = d =
√
(N + 1)µm≪ v1, the theory reduces to an SU(N)×U(1) gauge
theory with Nf light quarks qi, q˜
i (the first N components of the original
quark multiplets Qi, Q˜
i). By integrating out the massive fields, the effective
Lagrangian valid between the two mass scales has the form,
L = 1
4g2N
(F aµν)
2 +
1
4g21
(F 0µν)
2 +
1
g2N
|Dµφa|2 + 1
g21
|Dµφ0|2 + |Dµq|2 + |Dµ ¯˜q|2
− g21
∣∣∣∣− µm√N(N + 1) + q˜ q√N(N + 1)
∣∣∣∣
2
− g2N |
√
2 q˜ taq |2 + . . . (79)
where a = 1, 2, . . .N2− 1 labels the SU(N) generators, ta; the index 0 refers
to the U(1) generator t0 = 1√
2N(N+1)
diag(1, . . . , 1,−N). We have taken into
account the fact that the SU(N) and U(1) coupling constants (gN and g1)
get renormalized differently towards the infrared.
The adjoint scalars are fixed to its VEV, Eq. (77), with small fluctuations
around it,
Φ = 〈Φ〉(1 + 〈Φ〉−1 Φ˜), |Φ˜| ≪ m. (80)
In the consideration of the vortices of the low-energy theory, they will be
in fact replaced by the constant VEV. The presence of the small terms Eq.
(80), however, makes the low-energy vortices not strictly BPS (and this will
be important in the consideration of their stability below).14
The quark fields are replaced, consistently with Eq. (74), as
q˜ ≡ q†, q → 1√
2
q, (81)
where the second replacement brings back the kinetic term to the standard
form.
We further replace the singlet coupling constant and the U(1) gauge field
as
e ≡ g1√
2N(N + 1)
; A˜µ ≡ Aµ√
2N(N + 1)
, φ˜0 ≡ φ
0√
2N(N + 1)
. (82)
14In the terminology used in Davis et al. [63] in the discussion of the Abelian vortices
in supersymmetric models, our model corresponds to an F model while the models of
[68, 69, 66] correspond to a D model. In the approximation of replacing Φ with a constant,
the two models are equivalent: they are related by an SUR(2) transformation [64, 78].
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The net effect is
L = 1
4g2N
(F aµν)
2+
1
4e2
(F˜µν)
2+ |Dµq|2− e
2
2
| q† q− c 1 |2− 1
2
g2N | q† taq |2, (83)
c = N(N + 1)
√
2µm. (84)
Neglecting the small terms left implicit, this is identical to the U(N) model
Eq. (56), except for the fact that e 6= gN here. The transformation property
of the vortices can be determined from the moduli matrix, as was done in
[76]. Indeed, the system possesses BPS saturated vortices described by the
linearized equations
(D1 + iD2) q = 0, (85)
F
(0)
12 +
e2
2
(
c 1N − q q†
)
= 0; F
(a)
12 +
g2N
2
q†i t
a qi = 0. (86)
The matter equation can be solved exactly as in [65, 66, 67] (z = x1 + ix2)
by setting
q = S−1(z, z¯)H0(z), A1 + i A2 = −2 i S−1(z, z¯) ∂¯zS(z, z¯), (87)
where S is an N ×N invertible matrix over whole of the z plane, and H0 is
the moduli matrix, holomorphic in z.
The gauge field equations take a slightly more complicated form than in
the U(N) model Eq. (56):
∂z (Ω
−1∂z¯ Ω) = −g
2
N
2
Tr ( taΩ−1 q q†) ta − e
2
4N
Tr (Ω−1q q† − 1), Ω = S S†.
(88)
The last equation reduces to the master equation Eq. (65) in the U(N) limit,
gN = e.
The advantage of the moduli matrix formalism is that all the moduli
parameters appear in the holomorphic, moduli matrix H0(z). Especially, the
transformation property of the vortices under the color-flavor diagonal group
can be studied by studying the behavior of the moduli matrix.
7.2 Dual gauge transformation from the vortex moduli
The concepts such as the low-energy BPS vortices or the high-energy BPS
monopole solutions are thus only approximate: their explicit forms are valid
39
only in the lowest-order approximation, in the respective kinematical re-
gions. Nevertheless, there is a property of the system which is exact and
does not depend on any approximation: the full system has an exact, global
SU(N)C+F symmetry, which is neither broken by the interactions nor by
both sets of VEVs, v1 and v2. This symmetry is broken by individual soliton
vortex, endowing the latter with non-Abelian orientational moduli, analo-
gous to the translational zero-modes of a kink. Note that the vortex breaks
the color-flavor symmetry as
SU(N)C+F → SU(N − 1)× U(1), (89)
leading to the moduli space of the minimum vortices which is
M≃ CPN−1 = SU(N)
SU(N − 1)× U(1) . (90)
The fact that this moduli coincides with the moduli of the quantum states
of an N -state quantum mechanical system, is a first hint that the monopoles
appearing at the endpoint of a vortex, transform as a fundamental multiplet
N of a group SU(N).
The moduli space of the vortices is described by the moduli matrix (we
consider here the vortices of minimal winding, k = 1)
H0(z) ≃


1 0 0 −a1
0
. . . 0
...
0 0 1 −aN−1
0 . . . 0 z

 , (91)
where the constants ai, i = 1, 2, . . . , N − 1 are the coordinates of CPN−1.
Under SU(N)C+F transformation, the squark fields transform as
q → U−1 q U, (92)
but as the moduli matrix is defined modulo holomorphic redefinition Eq.
(66), it is sufficient to consider
H0(z)→ H0(z)U. (93)
Now, for an infinitesimal SU(N) transformation acting on a matrix of the
form Eq. (91), U can be taken in the form,
U = 1+X, X =
(
0 ~ξ
−(~ξ)† 0
)
, (94)
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where ~ξ is a small N − 1 component constant vector. Computing H0X and
making a V transformation from the left to bring back H0 to the original
form, we find
δai = −ξi − ai (~ξ)† · ~a, (95)
which shows that ai’s indeed transform as the inhomogeneous coordinates of
CPN−1. In other words, the vortex represented by the moduli matrix Eq.
(91) transforms as a fundamental multiplet of SU(N).15
As an illustration consider the simplest case of SU(2) theory. In this case
the moduli matrix is simply [72]
H
(1,0)
0 ≃
(
z − z0 0
−b0 1
)
; H
(0,1)
0 ≃
(
1 −a0
0 z − z0
)
. (96)
with the transition function between the two patches:
b0 =
1
a0
. (97)
The points on this CP 1 represent all possible k = 1 vortices. Note that
points on the space of a quantum mechanical two-state system,
|Ψ〉 = a1|ψ1〉+ a2 |ψ2〉, (a1, a2) ∼ λ (a1, a2), λ ∈ C, (98)
can be put in one-to-one correspondence with the inhomogeneous coordinate
of a CP 1,
a0 =
a1
a2
, b0 =
a2
a1
. (99)
In order to make this correspondence manifest, note that the minimal vortex
Eq. (96) transforms under the SU(2)C+F transformation, as
H0 → V H0 U †, U =
(
α β
−β∗ α∗
)
, |α|2 + |β|2 = 1, (100)
where the factor U † from the right represents a flavor transformation, V is
a holomorphic matrix which brings H0 to the original triangular form [76].
The action of this transformation on the moduli parameter, for instance, a0,
can be found to be
a0 → α a0 + β
α∗ − β∗ a0 . (101)
15 Note that, if a N vector ~c transforms as ~c→ (1+X)~c, the inhomogeneous coordinates
ai = ci/cN transform as in Eq. (95).
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But this is precisely the way a doublet state Eq. (98) transforms under
SU(2), (
a1
a2
)
→
(
α β
−β∗ α∗
) (
a1
a2
)
. (102)
The fact that the vortices (seen as solitons of the low-energy approxima-
tion) transform as in the N representation of SU(N)C+F , implies that there
exist a set of monopoles which transform accordingly, as N . The existence of
such a set follows from the exact SU(N)C+F symmetry of the theory, broken
by the individual monopole-vortex configuration.
This answers some of the questions formulated earlier (below Eq. (22))
unambiguously [76]. Note that in our derivation of continuous transforma-
tions of the monopoles, the explicit, semiclassical form of the latter is not
used.
A subtle point is that in the high-energy approximation, and to lowest
order of such an approximation, the semiclassical monopoles are just certain
non-trivial field configurations involving φ(x) and Ai(x) fields only, and there-
fore apparently transform under the color part of SU(N)C+F only. When the
full monopole-vortex configuration φ(x), Ai(x), q(x) (Fig. 2) is considered,
however, only the combined color-flavor diagonal transformations keep the
energy of the configuration invariant. In other words, the monopole trans-
formations must be regarded as part of more complicated transformations
involving flavor, when higher order effects in O(v1
v2
) are taken into account.
And this means that the transformations are among physically distinct states,
as the vortex moduli describe obviously physically distinct vortices [37].
This discussion highlights the crucial role played by the (massless) flavors
in the underlying theory as has been already summarized at the end of Sec-
tion 2. There is, however, another important independent effect due to the
massless flavors. Due to the zero-modes of the fermions, the semi-classical
monopoles are converted to some irreducible multiplets in the flavor group
SU(Nf ) [46]. The “clouds” of the fermion zero-mode fluctuation fields sur-
rounding the monopole have an extension of O( 1
v1
), which is much smaller
than the distance scales associated with the infrared effects discussed here.
We conclude that there was one more crucial role of the flavor on non-Abelian
monopoles: it allows to generate the dual magnetic gauge group on the one
hand, and to “dress” the monopoles and endow them with global, flavor
quantum numbers a` la Jackiw-Rebbi, on the other. They should be regarded
as two, distinct effects.
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Our construction has been generalized to the symmetry breaking SO(2N+
1)→ U(N) → 1, SO(2N + 1)→ U(r)× U(1)N−r → 1, in the concrete con-
text of softly broken N = 2 models. There is an interesting difference in
the quantum fate of the semiclassical monopoles in the case the unbroken
SU factor has the maximum rank and in the cases where r ≤ N − 1. The
semiclassical (vortex-monopole complex) argument of Section 4 and in this
Section and the fully quantum mechanical results (of Section 5.2, Section
5.3) agree qualitatively, quite nontrivially [76].
The fact that the vortices of the low-energy theory are BPS saturated,
which allows us to analyze their moduli and transformation properties ele-
gantly as discussed above, while in the full theory there are corrections which
make them non BPS (and unstable), might cause some concern. Actually,
the rigor of our argument is not affected by those terms which can be treated
as perturbation. The attributes characterized by integers such as the trans-
formation property of certain configurations as a multiplet of a non-Abelian
group which is an exact symmetry group of the full theory, cannot receive
renormalization. This is similar to the current algebra relations of Gell-Mann
which are not renormalized. CVC of Feynman and Gell-Mann also hinges
upon an analogous situation.16 The results obtained in the BPS limit (in the
limit v2/v1 → 0) are thus valid at any finite values of v2/v1 [79]. Thus
The dual group H˜ is the transformation group HC+F, seen in
the dual magnetic description.
7.3 Other symmetry breaking patterns
The cases such as SO(2N + 3) → SO(2N + 1) × U(1) or USp(2N + 2) →
USp(2N)×U(1), are particularly interesting, as the groups SO(2N +1) and
USp(2N) are interchanged by the GNOW duality. In the first case, for in-
stance, the GNOW conjecture states that the monopoles belong to multiplets
of the dual group USp(2N). Although there are some hints how such GNOW
dual monopoles might emerge naturally in the semiclassical approximations
[80], there is a strong argument (based on N = 2 supersymmetry and global
symmetry [30, 53]) as well as clear evidence [30], against the appearance of
these GNOWmonopoles as the light degrees of freedom. In other words, even
16The absence of “colored dyons” [11] mentioned earlier can also be interpreted in this
manner.
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if they might emerge in a semiclassical approximation, they do not survive
quantum effects.
It is perhaps not a coincidence that the Seiberg duals of N = 1 super-
symmetric theories do not coincide always with GNOW duals.
The systems USp(2N) → U(r) × U(1)N−r → 1 also is known to possess
light non-Abelian monopoles in the fundamental representation of the dual
group SU(r) [30], which can be nicely understood by our definition of the
dual group.
8 Confinement near conformal vacua
A particular class of confining vacua, in which confinement and dynamical
symmetry breaking are described by non-Abelian magnetic monopoles inter-
acting strongly, are of great interest. The vacua we are talking about are
known as non-Abelian Argyres-Douglas vacua. These are found as a par-
ticular case of r vacua, with r = Nf/2 of SU(N) SQCD, as well as in the
massless limit (mi → 0) of all of confining vacua of SO(N) and USp(2N)
theories. Many other examples of vacua with analogous properties can be
found in the context of wider class of N = 1 supersymmetric gauge theories
[32].
Although the details (the global symmetry, the light-degrees of freedom)
depend on the model, there is a common feature in this class of systems
which makes these particularly interesting. Because of dynamics and for
symmetry requirement the system chooses to produce non-Abelian (rather
than Abelian) magnetic monopoles as the low-energy degrees of freedom,
but cannot produce quite as many of them as to make the effective theory
infrared-free.
As a consequence, confinement is caused by the condensation of certain
monopole composites rather than by the condensation of single monopoles
[53]. As non-Abelian monopoles carry flavor quantum numbers of the orig-
inal quarks (this is necessary for the low-energy theory to have the correct
symmetry of the underlying theory), the pattern of the symmetry breaking
reflects such a mechanism. These considerations have been distilled from
studies on this class of systems and on the problem of understanding non-
Abelian monopoles discussed in various parts of this lecture.
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9 Quantum chromodynamics
What does all this teach about QCD? That the Abelian superconductor
picture is probably not the correct picture of real-world QCD (SU(3)) has
been already pointed out. In particular, the fact that the deconfinement
and chiral restoration transitions occur at exactly the same temperatures in
SU(3) lattice measurement, appears to make the assumption that Abelian
U(1)2 monopoles are responsible for confinement and chiral symmetry break-
ing, rather awkward (the remark (v) of Section 5.3). On the other hand, in
ordinary (non-supersymmetric) gauge theories, the “sign flip” of the beta
function needed to make the non-Abelian monopoles recognizable infrared
(or intermediate-scale) degrees of freedom, is much more difficult to achieve.
If the dual “magnetic” group were again SU(3), the magnetic monopoles
of such a theory (regularized Z3 monopoles?) would probably interact too
strongly and would form composite monopoles (cfr. the point (iii) of Section
5.3). A small number of light flavors, dressing these monopoles with flavor
quantum numbers, would not be sufficient.
We might speculate that the dynamics of QCD lies somewhere between.
The dual theory could be an
SU(2)× U(1) or U(2) (103)
theory, with magnetic monopoles in 2 of the SU(2) group and moreover we
expect them to carry flavor SUR(2)×SUL(2) quantum numbers. We expect
them to interact strongly, but not too much, and it is possible that the
system is close to a nontrivial infrared fixed point, with relatively nonlocal
dyons present at the same time, as in the SCFT effective low-energy theories
of the supersymmetric models discussed in the previous subsection.
Let us assume that they are M ia, M˜
b
j , with the (dual) color a, b and flavor
indices i, j, and carrying opposite U(1) charges. A condensate of the form
〈M ia M˜aj 〉 ∼ Λ2 δij (104)
might form, inducing confinement and chiral symmetry breaking SUR(2) ×
SUL(2) → SUV (2) simultaneously. It could be that the standard quark
condensate
〈ψiL ψ¯R j〉 ∼ Λ3 δij (105)
is closely related dynamically to or induced by the monopole condensation,
Eq. (104), for instance via the Rubakov effect [81].
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It is interesting that in such a picture, there should be a considerable dif-
ference between a theory with quarks in the fundamental representation and
a (unrealistic) theory with quarks in the adjoint representation. The Jackiw-
Rebbi effect works diffrently in the two cases. In the former case the fermion
zero modes give rise to bosonic multiplet of degenerate monopoles, while in
the latter case some of the monopoles become fermions. In the theory with
adjoint quarks, then, there can be considerable difference between the phe-
nomenon of confinement and that of chiral symmetry breaking. There is an
ample evidence for such a difference (e.g., different transition temperatures)
in lattice gauge theory, as is well known.
10 Summary
Non-Abelian monopoles are present in the fully quantum mechanical low-
energy effective action of many solvable supersymmetric theories. They
behave perfectly as pointlike particles carrying non-Abelian dual magnetic
charges. They play a crucial role in confinement and in dynamical symmetry
breaking in these theories. There is a natural identification of these excita-
tions within the semiclassical approach, which involves the flavor symmetry
in an essential manner. It is hoped that such an improved grasp on the nature
of non-Abelian monopoles would one day leads to a better understanding of
confinement in QCD.
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A Semiclassical “non-Abelian” monopoles
In this appendix we review some general formulae [6, 4]. These degenerate
monopoles appear in a system with the gauge symmetry breaking
G
〈φ〉6=0−→ H (106)
with a nontrivial π2(G/H) and non-Abelian H .
The normalization of the generators can be chosen [4] so that the metric
of the root vector space is17
gij =
∑
roots
αiαj = δij . (109)
The Higgs field vacuum expectation value (VEV) is taken to be of the form
φ0 = h ·H, (110)
17In the Cartan basis the Lie algebra of the group G takes the form
[Hi, Hk] = 0, (i, k = 1, 2, . . . , r); [Hi, Eα] = αi Eα; [Eα, E−α] = α
iHi; (107)
[Eα, Eβ ] = Nαβ Eα+β (α+ β 6= 0). (108)
αi = (α1, α2, . . .) are the root vectors.
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where h = (h1, . . . , hrank(G)) is a constant vector representing the VEV. The
root vectors orthogonal to h belong to the unbroken subgroup H .
The monopole solutions are constructed from various SU(2) subgroups
of G that do not commute with H ,
S1 =
1√
2α2
(Eα+E−α); S2 = − i√
2α2
(Eα−E−α); S3 = α∗·H, (111)
where α is a root vector associated with a pair of broken generators E±α. α∗
is a dual root vector defined by
α∗ ≡ α
α · α. (112)
The symmetry breaking (106) induces the Higgs mechanism in such an SU(2)
subgroup, SU(2)→ U(1). By embedding the known ’t Hooft-Polyakov monopole
[2, 38] lying in this subgroup and adding a constant term to φ so that it be-
haves correctly asymptotically, one easily constructs a solution of the equa-
tion of motion [6, 27]:
Ai(r) = A
a
i (r,h ·α)Sa; φ(r) = χa(r,h ·α)Sa+[h− (h ·α)α∗] ·H, (113)
where
Aai (r) = ǫaij
rj
r2
A(r); χa(r) =
ra
r
χ(r), χ(∞) = h · α (114)
is the standard ’t Hooft-Polyakov-BPS solution. Note that φ(r = (0, 0,∞)) =
φ0.
The mass of a BPS monopole is then given by
M =
∫
dS · TrφB, B = ri(S · r
)
r4. (115)
This can be computed by going to the gauge in which
B =
rS3
r3
=
r
r3
α∗ ·H, (116)
to be
M =
4πhiα
∗
j
g
TrHiHj. (117)
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For instance, the mass of the minimal monopole of SU(N + 1)→ SU(N)×
U(1) can be found easily by using Eqs.(129)-(135)
M =
2π v (N + 1)
g
. (118)
For the cases SO(N +2)→ SO(N)×U(1) and USp(2N +2)→ USp(2N)×
U(1), where TrHiHj = C δij , one finds
M =
4π C h · α∗
g
=
4 π v
g
, (119)
while for SO(2N) → SU(N) × U(1), SO(2N + 1) → SU(N) × U(1), and
USp(2N)→ SU(N)× U(1), the mass is
M =
8π C h · α∗
g
=
8 π v
g
. (120)
In order to get the U(1) magnetic charge18, we first divide by an appro-
priate normalization factor in the mass formula Eq.(115)
Fm =
∫
dS · TrφB
Nφ
=
∫
dS ·B(0), B = ri(S · r
)
r4. (121)
The result, which is equal to 4πgm by definition, gives the magnetic charge.
The latter must then be expressed as a function of the minimum U(1) elec-
tric charge present in the given theory, which can be easily found from the
normalized (such that Tr T (a) T (a) = 1
2
) form of the relevant U(1) generator.
For example, in the case of the symmetry breaking, SO(2N)→ U(N), the
adjoint VEV is of the form, φ =
√
4N v T (0), where T (0) is a 2N × 2N block-
diagonal matrix with N nonzero submatrices i√
4N
(
0 1
−1 0
)
. Dividing the
mass (120) by
√
N v and identifying the flux with 4πgm one gets gm =
2√
N g
.
Finally, in terms of the minimum electric charge of the theory e0 =
g√
4N
(
which follows from the normalized form of T (0) above) one finds
gm =
2√
N g
=
2
N
· 1
2 e0
. (122)
18In this calculation it is necessary to use the generators normalized as TrT (a) T (b) =
1
2δab, such that B = B
(0) T (0) + . . . .
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The calculation is similar in other cases.
The asymptotic gauge field can be written as
Fij = ǫijkBk = ǫijk
rk
r3
(β ·H), β = α∗ (123)
in an appropriate gauge (Eq.(115)). The Goddard-Nuyts-Olive quantization
condition [4]
2 β · α ∈ Z (124)
then reduces to the well-known theorem that for two root vectors α1, α2 of
any group,
2 (α1 · α2)
(α1 · α1) (125)
is an integer.
B Root vectors and weight vectors
B.1 AN = SU(N + 1)
It is sometimes convenient to have the root vectors and weight vectors of the
Lie algebra SU(N + 1) as vectors in an (N + 1)-dimensional space rather
than an N -dimensional one. The root vectors are then simply
(· · · ,±1, · · · ,∓1, · · · ). (126)
(· · · stand for zero elements) which all lie on the plane
x1 + x2 + . . .+ xN+1 = 0, (127)
while the weight vectors are projections in this plane of the orthogonal vectors
~µ = (· · · ,±1, · · · ) (128)
where the dots represent zero elements.
In order to use the general formulas of Weinberg and Goddard-Olive-
Nuyts we normalize these vectors so that the diagonal (Cartan) generators
may be written
Hi = diag (w
i
1, w
i
2 . . . , w
i
N , w
i
N+1 ), i = 1, 2...N (129)
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where wk represents the k-th weight vector of the fundamental representation
of SU(N + 1), satisfying
wk·wl = − 1
2(N + 1)2
; (k 6= l); wk·wk = N
2(N + 1)2
, k, l = 1, 2, . . . , N+1;
(130)
and
∑N+1
k=1 wk = 0. They are vectors lying in an N -dimensional space (127):
in the coordinates of the N + 1-dimensional space,
wi =
1√
2(N + 1)3
(−1, . . . ,−1, N,−1,−1, . . .). (131)
The root vectors are simply
α = wi −wj = 1√
2(N + 1)
(· · · ,±1, · · · ,∓1, · · · ) (132)
with the norm
α · α = 1
N + 1
. (133)
Note that for i 6= j
Tr (HiHj) = w
i
1w
j
1 + . . .+ w
i
N+1w
j
N+1 =
−2N +N − 1
2(N + 1)3
= − 1
2(N + 1)2
,
(134)
while
Tr (HiHi) =
N2 +N
2(N + 1)3
=
N
2(N + 1)2
. (135)
The adjoint VEV causing the symmetry breaking SU(N+1)→ SU(N)×
U(1) is of the form,
φ = h ·H, h = v
√
2(N + 1)3 (0, 0, . . . , 1). (136)
B.2 BN = SO(2N + 1)
The N generators in the Cartan subalgebra of the Lie algebra SO(2N + 1)
can be taken to be
Hi =


−iwi1J
−iwi2J
. . .
−iwiNJ
0 0

 , J =
(
1
−1
)
(137)
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where wk (k = 1, 2, . . . , N) are the weight vectors of the fundamental rep-
resentation, which are vectors in an N -dimensional Euclidean space
wk ·wl = 0; k 6= l; wk ·wk = 1
2(2N − 1) : (138)
they form a complete set of orthogonal vectors. The root vectors of SO(2N+
1) group are α = {±wi, ±wi ±wj}; their duals are:
α∗ = ±2(2N − 1)wi, (2N − 1)[±wi ±wj]. (139)
The diagonal generators satisfy
TrHiHj =
1
2N − 1 δij . (140)
In the system with symmetry breaking SO(2N + 1) → SO(2N − 1)× U(1)
the adjoint scalar VEV is
φ = h ·H, h = iv
√
2(2N − 1) (0, 0, . . . , 1). (141)
B.3 CN = USp(2N)
The N generators in the Cartan subalgebra of USp(2N) are the following
2N × 2N matrices,
Hi =
(
Bi 0
0 −Bit
)
, i = 1, 2, . . . , N, (142)
where
Bi =


wi1
wi2
0
. . . 0
wiN−1
wiN

 , i = 1, 2...N. (143)
The weight vectors wk (k = 1, 2, . . . , N) form a complete set of orthogonal
vectors in an N -dimensional Euclidean space and satisfy
wk ·wl = 0; k 6= l; wk ·wk = 1
4(N + 1)
. (144)
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The root vectors of USp(2N) group are α = {± 2wi, ±wi ± wj}. The
diagonal generators satisfy
TrHiHj =
1
2(N + 1)
δij . (145)
For the breaking USp(2N)→ USp(2(N −1))×U(1) the adjoint scalar VEV
is
φ = h ·H, h = v
√
4(N + 1) (0, 0, . . . , 1). (146)
B.4 DN = SO(2N)
The N generators in the Cartan subalgebra of the SO(2N) group can be
chosen to be
Hi =


−iwi1
(
0 1
−1 0
)
−iwi2
(
0 1
−1 0
)
. . .
−iwiN
(
0 1
−1 0
)


(147)
where wk (k = 1, 2, . . . , N) are the weight vectors of the fundamental rep-
resentation, living in an N -dimensional Euclidean space and satisfying
wk ·wl = 0; k 6= l; wk ·wk = 1
4(N − 1) : (148)
they form a complete set of orthogonal vectors. The root vectors of SO(2N)
are α = {±wi ±wj}. The diagonal generators satisfy
TrHiHj =
1
2(N − 1) δij . (149)
In the system with symmetry breaking SO(2N) → SO(2N − 2)× U(1) the
adjoint scalar VEV takes the form
φ = h ·H, h = iv
√
4(N − 1) (0, 0, . . . , 1). (150)
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C Seiberg-Witten curves for SU(2) N = 2 su-
per Yang-Mills theory
The variable a and aD are to be considered as local variables, describing
the low energy effective action in a particular patch of the space of vacua
(QMS). On the other hand, the variable u = Tr 〈Φ2〉 is a gauge invariant and
apparently unique and global variable describing the QMS. The space (aD, a)
is the covering space M˜ of the space M whose coordinate is the complex
VEV u. If the base space were simply connected, the map M˜ → M would
be trivial. In general, a closed loop of the point u in the base space induces a
discrete transformation, called monodromy group, among the inverse images
of the point u in the covering group.
The fact that the space M is nontrivial follows from the one-loop beta
function,
τeff = daD/da =
θeff
2π
+
4πi
g2eff
∼ i
2π
log a+ . . .
so
F (A) ≃ i
2π
A2 log
A2
Λ2
, aD =
dF (a)
da
≃ i
2π
(a log a +
a
2
).
The effect of a loop at large u ∼ a2/2, u→ e2piiu is a→ epii, so
aD → −aD + 2a, a→ −a,
or (
aD
a
)
→ M∞
(
aD
a
)
, M∞ =
( −1 2
0 −1
)
.
A singularity at ∞ in the u space implies the presence of at least one more
singularity at finite u. As the theory possesses an invariance under sponta-
neously broken discrete Z2, under which u → −u, it is natural to assume a
pair of singularirties at u = ±Λ2. The key idea of Seiberg and Witten is that
these singularities correspond to the points of u where the ’t Hooft-Polyakov
monopole becomes massless due to quantum effects. Near u ∼ Λ2 then
aD(u = Λ
2) = 0, τD = − da
daD
≃ − i
π
log aD, (151)
and
aD ∼ c0(u− Λ2),
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where Eq. (151) is the standard beta function of N = 2 supersymmetric
QED. Thus a closed loop in u around the point Λ2 induces the monodromy
transformation
a→ a− a− 2aD; aD → aD, MΛ2 =
(
1 0
−2 1
)
.
The monodromy transformation around −Λ2 follows from the consistency
condition,
MΛ2 ·MΛ2 =M∞.
The map aD(u), a(u), with the desired properties is precisely the one given
in Eq.(36)-Eq.(38).
D One-particle representations of N = 1 and
N = 2 supersymmetry algebra
(i) For a massive N = 1 supersymmetric particle states, one has (P µ =
(M, 0, 0, 0))
{Qα, Q¯α˙} = δαα˙ 2M, α, α˙ = 1, 2, (152)
or, by defining
b†α =
1√
2M
Qα, bα˙ =
1√
2M
Q¯α˙. (153)
These can be regarded as two pairs of annihilation and creation oper-
ators, {bα˙, b†α} = δαα˙. The complete set of one particle states can then
be conctructed by defining the vacuum state by (i = 1, 2)
bi |0〉 = 0; (154)
the full set of states are
|0〉, b†1|0〉, b†2|0〉, b†1b†2|0〉, (155)
they form a degenerate supersymmetry multiplet (two bosons and two
fermions). For N supersymmetry, the same argument shows that the
multiplicity of a massive multiplet is
2N∑
n=0
(
2N
n
)
= 22N . (156)
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(ii) Massless frm[o]–N supersymmetric particle states: In this case it is not
possible to go to the rest frame but the momentum can be chosen as
P µ = (p, 0, 0, p). Then
{Qα, Q¯α˙} =
(
2p 0
0 0
)
αα˙
(157)
The state b†2 |0〉 have a zero norm. The particle states are given by the
positive norm states, half of (155),
|0〉, b†1|0〉. (158)
The multiplicily of a massless frm[o]–N supersymmetry multiplet is
N∑
n=0
(
2N
n
)
= 2N . (159)
(iii) Massive N = 2 supersymmetric particle states with central charges. In
the rest frame (P µ = (M, 0, 0, 0)) the supersymmetry algebra reduces
to
{Qiα, Q¯jα˙} = δij δαα˙ 2M, α, α˙ = 1, 2, i, j = 1, 2, (160)
{Qiα, Qjβ} = ǫαβ ǫij (U + iV ) (161)
Within an irreducible representation U and V are just numbers (electric
and magnetic charges of these particles). There are three cases:
1. 2M <
√
U2 + V 2 : It is not possible to find a positive-norm rep-
resentation of the algebra;
2. 2M =
√
U2 + V 2 : A representation exists with multiplicity 2N =
4 (short multiplet) (these are the so-called BPS saturated case);
3. 2M >
√
U2 + V 2 : A representation exists with multiplicity 22N =
16 (long multiplet).
Proof: Define
Q11√
2M
= b1
Q12√
2M
= b2
Q21√
2M
= b3
Q22
2M
= b4 (162)
− U√
2M
= u − V√
2M
= v (163)
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then
{bi, b†j} = δij {b1, b4} = u+ iv {b2, b3} = −u− iv (164)
{b†1, b†4} = u− iv {b†2, b†3} = −u+ iv (165)
Now make the change of variables
Q1α −→ eiγ Q1α Q2α −→ Q2α (166)
b1 −→ eiγ b1 b2 −→ eiγ b2 (167)
to have {b1, b4} real and positive:
{b1, b4} = {b†1, b†4} = α =
√
U2 + V 2
2M
(168)
{b2, b3} = {b†2, b†3} = −α (169)
In order to see the spectrum, it is convenient to set
A = b1 cosϑ+ b
†
4 sin ϑ, B = −b1 sin ϑ+ b†4 cosϑ. (170)
The condition {A,B} = {A,B†} = 0 yields ϑ = pi
4
: A and B satisfy disjoint
anticommutators
{A,B} = 0, {A,A†} = 1 + α, {B,B†} = 1− α. (171)
Thus if |α| < 1 there are two creation operators A†, B†; while if α = ±1 B†
(or A†) creates zero-norm states. The same passages for b2 and b
†
3 lead to a
similar result. The net result is that particles with mass M >
√
U2+V 2
2
come
in “long multiplets”, with multiplicity 22N = 8, while the BPS particles with
mass M =
√
U2+V 2
2
come in “short multiplets” of multiplicity 2N = 4.
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